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Abstract We obtain weighted 1/ inequalities for pseudo-differential opera- 
tors with smooth symbols and their commutators by using a class of new weight 
functions which include Muckenhoupt weight functions. Our results improve essen- 
tially some well-known results. 

1. Introduction 

Let m be real number. Following [13], a symbol in S^^ is a smooth function o"(a;,^) 
defined on R" x M" such that for all multi-indices a and /3 the following estimate 
holds: 

where Ca,j3 > is independent of x and ^. A symbol in S^f is one which satisfies 
the above estimates for each real number m. 
The operator T given by 



is called a pseudo-differential operator with symbol (y{x,^) G S^^, where / is a 
Schwartz function and / denotes the Fourier transform of /. As usual, U^^ will 
denote the class of pseudo-differential operators with symbols in S'^^. 

Miller [8] showed the boundedness of L\ q pseudo-differential operators on 
weighted U'{1 < p < oo) spaces whenever the weight function belongs to Mucken- 
houpt's class Ap. In particular, A. Laptev [7] proved that any q pseudo-differential 
operator is a standard Calderon-Zygmund operator. 
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Our purpose is to improve the above results of Miller. To state the main 
results, let us first introduce some notations. 

In this paper, Q{x,t) denotes the cube centered at x and of the sidelength 
t. Similarly, given Q — Q{x, t) and A > 0, we will write XQ for the A-dilate cube, 
which is the cube with the same center x and with sidelength Xt. Given a Lebesgue 
measurable set E and a weight u, \E\ will denote the Lebesgue measure of E and 
ij{E) = S^uodx. ||/|U.(^.) will denote {J^^^\f{y)\'^uj{y)dyY/P for < p < oo. C 
denotes the constants that are independent of the main parameters involved but 
whose value may differ from line to line. For a measurable set E, denote by xe the 
characteristic function of E. By ^4 ~ B, we mean that there exists a constant C > 1 
such that l/C <A/B <C. 

Throughout this paper, we let ip{t) = (1 + t)"" for ao > and t > 0. 

A weight will always mean a positive function which is locally integrable. We 
say that a weight u) belongs to the class Ap{ip) for 1 < p < oo, if there is a constant 
C such that for all cubes Q — Q{x, r) with center x and sidelength r 




< c. 



We also say that a nonnegative function cu satisfies the Ai{(p) condition if there 
exists a constant C for all cubes Q 

M^{oj){x) < Ciu{x), a.e. x e M". 

where 

Wc also defined the Hardy-Littlewood maximal operator M by 

M/(x) = sup-^ / \ f{y)\dy. 

xeQ IWI JQ 

Obviously, f{x) < M^f{x) < Mf{x) a.e. x E R"" and the function M^f{x) is lower 
semi- continuous . 

Since (p{\Q\) > 1, so Ap(R'^) C Ap{(p) for 1 < p < oo, where Ap{R'^) denote 
the classical Muckenhoupt weights; see [5]. It is well known that if a; e Aoo{R"') — 
lJp>i^p(K"), then uj{x)dx be a doubling measure, that is, there exist a constant 
C > for any cube Q such that 

u;{2Q) < Cuj{Q). 

Prom the definition of Ap{Lp) and (iv) of Lemma 2.1 in Section 2, it is easy to see that 
if a; e Ap{ip), then ui{x)dx may be not a doubling measure. In fact, let < 7 < ncco, 
it is easy to check that uj{x) = (1 + ^ A^oiR^) and u{x)dx is not a doubling 

measure, but uj{x) = (1 + G ^i(v^)- 

Now let us state our main results as follows. 
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Theorem 1.1. Suppose T G L^ q. Let 1 < p < oo and u} G Ap[(p), then 
there exists a constant C > such that 

||T/|U.H<C||/|U.H. 

As a consequence of Theorem 1.1, we have the following result. 

Corollary 1.1. Suppose T G L!Iq. Let 1 < p < oo and uj{x) = (1 + 
\x\)^'^ \x\^'^ with 7i G M and —n < 72 < n{p — 1). Then there exists a constant C > 
such that 

||T/|U.H<C||/|U.H. 

Let h G -BMO(bounded mean oscillation function) defined in [6]. We also 
consider the commutator of Coifman-Rochberg- Weiss [6, T] defined by 

[h,T]f{x) ^h{x)Tf{x) - T{hf){x). 

Similar to Theorem 1.1, we have 

Theorem 1.2. Suppose T G L\q. Let h G BMO, 1 < p < 00 and u G 

Ap{ip), then there exists a constant C > such that 

||[fc,T]/|U.(.)<C||6||sM0||/||L.H. 

As a consequence of Theorem 1.2, we have the following result. 

Corollary 1.2. Suppose T G q- Let b G BMO, 1 < p < 00 anc? uj{x) = 
(1 + I a; I)'*'! I a; I '''2 with 71 G M and —n < 72 < n{p — 1). T/ien ^/lere exists a constant 
C > suc/i that 

\\Mf\\L.i.)<C\\h\\BM0\\f\\L.i^ 

We remark that the above results also hold if T G with < 5 < 1. 

The organization of the paper is as follows: We study some elementary proper- 
ties of the new weight functions in Section 2. We proved Theorem 1.1 and Corollary 
1.1 in Section 3. Theorem 1.2 and Corollary 1.2 are proved, and the weighted weak 
(1,1) type inequality is obtained in Section 4. 

Remark: We will consider the similar results for bilinear pseudo-differential 
operators in the forthcoming paper. 

2. Some properties of Ap{Lp) 

Similar to the classical Muckenhoupt weights, we give some properties for 
weights uj G A^{ip) = Up>i^p(</')- 

Lemma 2.1. For any cube Q C M", then 
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(i) If 1 <pi <p2 < oo, then Ap^{ip) C Ap^lip). 

(a) uj e Api^if) if and only if e Api[ip), where = 1. 

(Hi) If u!i, u!2 e Ap{ip), p> 1, then ujicul'" e Ap{ip) for any < a < 1. 

(iv) If uj e Ap for 1 <p < oo, then 

1 r. „/ 1 ^^/^ 



/n particular, let f — Xe for any measurable set E d Q, 



1/p 



^{\Q\)\Q\- \uj{5Q)J ■ 

Proof: (i), (ii) and (iii) are obvious. We only prove (iv). In fact, 
1 



^{\Q\)\Q\ JQ 



\f{y)\dy 

1. 2^ 



1 ^ ~ 



\V^{\bQ\)\bQ\ J5Q 

Thus, (iv) is proved. 

Obviously, it is easy to see that S (the set of all Schwartz functions) is dense in 
Wioj) for (jj G A^[(p) and 1 < p < oo. Hence, we always assume f & S ii f & L^iuj) 
for 1 < p < oo. 

Next, we give a result about the operator defined by 



M,(/)(x) = sup f \f{x)\uj{x)dx 



Weighted norm inequalities for pseudo-differential operators 



5 



u{{x e M" : M^fix) > A}) < -ll/IUiH, VA > 0, V/ e L\uj), (2.1) 



Lemma 2.2. Let u e Aoo{'^), then 

C. 
A 

an(i for 1 < p < oo 

||M,/|Up(,) < (2.2) 

Proof: We set a; e £'a = {|/ e : M^f{y) > A} with any A > 0, then, there 
exists a cube Qx ^ x such that 

1 



\f{x)\(jj{x)dx > A. 



Thus, {Qx}x£Ex covers Ex. By Vitah lemma, there exists a class disjoint cubes 
{Qxj} such that \JQxj d Ex C [j5Qxj and 

u^iEx) < j:uji5Qxj) < ?E/„ . \fiy)Hy)dy < ^II/IUim- 

Thus, (2.1) is proved. By interpolation from (2.1) and the boundedness of in 
L°°(a;), we obtain (2.2). The proof is finished. 
Prom (iii) of Lemma 2.1, we know that 

M^f{x)<C{M^{\m{x)Y'^, 

Prom this and using Lemma 2.2, we can get the following result. 

Lemma 2.3. Let 1 < pi < oo and suppose thatui e Ap^{ip). Ifpi < p < oo, 
then the equality 

[ \MJ{x)\Puj{x)dx <Cp f \f{x)\Puj{x)dx. 

Furthermore, let 1 < p < oo, ou e ^p(</') if and only if 

uiix e : M^fix) > A}) < ^ / \f{x)\M^)dx. 

Prom Lemma 2.3, we know that may be not bounded on IJ'{uj) for all 
uj e Ap{(fi) and 1 < p < oo. We now need to define a variant maximal operator 
for < 77 < oo by 

Proposition 2.1. Let 1 < p < 00, p' — p/{p — 1) and suppose that ui e 
Ap{ip). There exists a constant Cp > such that 

\\M^,p'f\\Lv{u) < Cp\\f\\Lv{u)- 
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The proof can be found in [14] and [11]. We omit the details here. 
As a consequence of Proposition 2.1, we have 

Corollary 2.1. Let 1 < p < oo and oo G Ap{ip). Let ^ ha radial, positive 
function with compact support and total integral 1. Set '^t{x) = t~'^'^{x/t). Then 

(i) sup 1/ * ^t{x)\ < Cr,M^^r,f{x) for f e LP{uj) and < 77 < oo; 

0<t<l 

(a) f * "i/fi^) ^ f{x), as t ^ 0, almost every for f e L'^iuj); 
(Hi) 11/ *'^t~ — >■ 0, as i — >■ 0, almost every for f e U'{uj). 

Lemma 2.4. //cu G Aao{^), then there exists positive constants C > 0, (5 > 
and 5i > 0, such that for any Q = Q{xo,r) C with r <1, we have 

fir \V(i+5) (J 



f cu^+^dx] f ujdx 

JQ / \Q\ JQ 



\\Q\Jq ) -\Q\ 

and for any measurable set E <Z Q — Q(xo,r) with r < 1, we have 

^0)- [\Q\) 

Proof: We first claim that for any a > 0, there exists a positive constant cq < 1 
such that if < a, then < cq holds for any measurable set A C Q- 

Since \A\ < \Q\, we have for any x G Q, 

M{xQ\A)ix) >l-a, 

where M denotes the standard Hardy-Littlewood maximal operator. 

Note that if r < 1, then there exists a constant C > such that M{xq\a){x) < 
CM^{Xq\a){x) for any x E Q. Prom this and by (iv) of Lemma 2.1, we have 

M{xq\a){x) <CM^{x'q^^)Hx). 
By Lemma 2.2, we get that 

UJ{Q) < uj{{x G Q : M{xq\a){x) > 1 - a}) 

< uj{{x G Q : M^{xq\a){x) > C{1 - ay}) 
C r 

- 71 \i / XQ\A{xMx)dx 

(1 — a)P JM" 
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Obviously, > 1. Hence, io{A) < Coio{Q), where cq < 1. Thus, the claim is 

proved. Using above claim and adapting the standard proof in [5] and [12], we can 
obtain the desired results. Thus, the proof of Lemma 2.4 is finished. 

Let < 77 < oo. We define the dyadic maximal operator M^^/(x) by 

M$J{^)-^ sup ^(\n\\n\n\ L\f(^)\^^- 

xeQ(dyadic cube) ^[\Q\r\Q\ JQ 

Lemma 2.5. Let f he a locally integrable function on R", 77, A > 0, and 
fix = {x E R"" : M^.^f{x) > A}. Then fix may be written as a disjoint union of 
dyadic cubes {Qj} with 

(i) X<i^{\Qj\r\Q,\)-' [ \fix)\dx, 

JQj 

(a) {'^{\Qj\)^\Qj\)~^ j \f{x) \ < S^A, for each cube Qj. This has the immediate 
consequences: ^ 

(Hi) \f{x)\ < A for a.e a; G \ [jj Qj 
H \flx\<\-^ I \f{x)\dx. 

The proof follows from the argument of Lemma 1 in page 150 of [11]. 

Let < < 00. The dyadic sharp maximal operator M'^^^f^x) is defined by 

Mj;^/(a;):= sup / \f{x)-fQ\dx+ sup -tt^t^. I \f\dx 

- sup inf^ / \f{.y)-C\dy+ sup /.^Li^i / l-^l 

where Q's denote dyadic cubes and /q = jQf{x)dx. We define sharp maximal 
operator M^^^f{x) as above if dyadic cubes replaced by any cubes. 

By Lemmas 2.4 and 2.5, we estabhsh the following "good A" inequality. 

Lemma 2.6. Let cu G A^{ip) and < < 00. For a locally integrable 
function f , and for b and 7 positive 7 < 6 < 60 = we have the following 

inequality 

ooiix e : M^Jix) > A, M«;^/(a:) < 7A}) < a'^u;{{x G : M^J{x) > bX}) 

(2.3) 

for all A > 0; where a — 2^7/(1 — ^) and Si > depends only on uj(see Lemma 
24). 
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Proof: We may assume that the set {x : M^^f{x) > bX} has finite measure, 
otherwise the inequality (2,3) is obvious. By Lemma 2.5, that this set is the union 
of disjoint maximal cubes {Qj}- We let Q — Q{xo,r) = Qj denote one of these 
cubes. Thus, we need only to show that 



{{xeQ: M^Jix) > A, Mtt;J/(a;) < 7A}) < a'^Q)- (2-4) 



We consider two cases about sidelength r, that is, r < 1 and r > 1. 

Case 1. When r < 1, let Q D Q be the parent of Q, by the maximality of 
Q we have |/|^ < bX^{\Q\) < bX/bo. So far all x G Q for which M^J{x) > A, it 
follows that M^^^{fxQ)]{x) > A, and also that M^J{f - fQ)xQ]{x) > (1 - b/bo)X. 
By the weak type (1,1) of Mj^^(see (iv) of Lemma 2.5), we have 

\{x€Q: M^J(x) > A, MlJ/(x) < 7A}| < 1/ " /.jl"^ 

<_J«L,„fM«„/W 



< 



(1 - 6/6o)A a;GQ' 

2-7|g| 



if the set in question is not empty. Thus (2.4) is proved in the case r < 1 by Lemma 
2.4. 

Case 2. When r > 1, note that 

< / \f{y)\dy< inf Mfi^fix) < 7A, 

^(|g|)'?|Q| 7q '•^ ^ - xGQ 'p'"-'^ ^ - / ' 

but 7 < 6, hence, the set in question is empty. Thus (2.4) is proved, and hence (2.3). 
the proof of Lemma 2.6 is complete. 

As a consequence of Lemma 2.6, we have the following result. 

Corollary 2.2. Let 1 < p < 00, uj G A^{(p) and < r] < 00. Then there 
exists a constant C > such that 

< C||Mj;J/|U.H. 

Note that |/(a;)| < M^J{x) a.e. x e R" and M}^^f{x) < M^ Jix) for all 
X e for any 77 > 0. By Corollary 2.2, we have 

Proposition 2.2. Let 1 < p < 00, ui e A^{cp), < r] < 00 and f e Lp{ui), 

then 

IlpH < \\M^J-\\Ln^) < C\\Mlj-\\L.i^y 
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A variant of dyadic maximal operator and dyadic sharp maximal operator 
and 

which will become the main tool in our scheme. Proposition 2.2 and Lemma 2.6 
imply immediately that 

Proposition 2.3. Let 1 < p < oo, a; e Aoo{<f), < 77 < oo and 5 > 0. 

(a) Let (fi : (0, 00) — >■ (0, 00) be doubling, that is, (f{2a) < C(fi{a) for a > 0. Then, 
there exists a constant C depending upon the A^o condition of uj and doubling 
condition of (p such that 

x>o 

<Csup^{XM{yeR^: Ml^J{y) > X}) 

A>0 

for every function such that the left hand side is finite. 

(b) If f e LP {00), then 

||/||l.h < WM^^Jhn^) < C\\Mljh.i.). 

3. The proof of Theorem 1.1 

In this section, our proof follows from [8] and [9]. It is worth pointing out that our 
proof here is rather complex, which is of independent interest. As in [8], we first 
give a result for any Li '^ pseudo-differential operator. 

Lemma 3.1. Suppose A G Li^"^ and < r] < 00. Then exists a constant 
C > such that for all xq G M" and all f E S, 

Ml^{Af){xo) < CM^Jixo). 

Proof: If a{x, ^) is the symbol of A, then for any real number m, and any multi- 
indices a and 

\D:Dla{x,0\<Ca,^,mi^ + \C\r~^^\. 
we can write the operator as follows: 

Af{x)^j f{i)a{x,i)e^-^^<di^ f K{x,x - y)f{y) dy, 
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where 

K{x,x-y)= f a(a:,Oe'"^(^"^^'^cie 
Obviously, for any k > 0, there is a constant > such that 

\K{x,x- y)\ < Ck{l + \x-y\)~^, for all x E M". 

Then 

\Af(x)\< f \K{x,x-y)\\f{y)\dy 
JM" (1 + |x — 

Prom this, we obtain that 

||^/||li(r") ^ C'II/IIli(r")- 

For any cube Q = r) 9 Xq, we write / := fx2Q + /Xm"\2Q — /i + /2- Then we 
have 

+ / / 1/^(^)1 dydx 

^ f f \f{y)\ 



: // dydx 

''IQl jQj\v-xo\>r (l+\xn-y\)'' 



MD^lQl JQ J\y-M>r (1 + ko - y\f 
< CM^J{xo) + CJ J/'^^^' dy 

,^ [ \f{y)\ ^..^^ 

+L'ifc / TTTI w^dydx 

Ji<\y-xo\ (1 + l^o 

<CM^,,/(xo). 

Taking the supremum of the left side over all cubes Q containing xq, we obtain the 
desired result. 

Let us now turn to prove Theorem 1.1. 

Proof of Theorem 1.1. To prove Theorem 1.1, from propositions 2.1 and 
2.3, we need only to show that for any p' < rj < oo and < 5 < 1 such that 

Ml^^^{Tf ){xo) < C,M^,,f ixo)), a.e xo G M", (3.1) 
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where M»^,^(T/)(x) = M«,^(|T/|^)(x)V^. 

Fix xq G K" and let Xq E Q = Q{xi,r). Decompose / = /i + /2, where 
fi = f XQ, where = (5(a;i, 8r). 

Case 1. When r < 1. Let Cq = |(T/2)q|. Since 0<S <1, then 



= 7 + 77. 

For I, we recall that T is weak type (1,1); see [7]. Note that ~ 1) by 

Kolmogorov's inequality(see[9]), we then have 

/<^l|r/,IU.,» 

< CM^J(x„). 

To deal with the second term, wc shall also assume that a{x,^), the symbol of T, 
has compact ^- support. The various constants that occur in the following argument 
will not depend on the support of a; at the end we show how to dispense with the 
assumption on the support of a. 

We decompose the operator T into a sum of simpler operators. We begin 
by fixing 77, a nonnegative, radial, C°° function of compact support, defined in the 
space M", with the properties that ri{^) = 1 for |,^| < 1 and ri{^) = for |,^| > 2. 
Together with 77, we define another function (p, by = ri{^) — ri{2^). Then we 
have the following "partitions of unity" of the ^— space: 

00 
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Now we can write 



Tf2{x)= / f2{iHx,0e'''''-^d^ 

oo „ 

+E/ /2(o«(^,O0(2-^e)e'"^-«tie 



CXD 

Obviously, A e I/i^o°- Using Lemma 3.1, we obtain that 

CXD 00 

IVI "'V IVI -'V j=i j=i 

It remains to examine the operators Aj, 



M" J MP 



ji:\„2Tri{x-y)-^ 



d^dy. 



The following lemma proved in [8] allows to control the inner integral. 

Lemma 3.2. Let q{x,^) be a symbol of order m, and suppose (p G C^(M"^) 
has support in : | < |^| < 2}. If N > 0, then there is a constant Cn > such 
that the inequality 



\y 



N 



q{x,i)ct>{2-^i)e^^^^<di 



< (:7iv2^'('*+™-^) 



holds for all x and y in M" and every integer j > 1. 

Let us continue to prove the theorem, noticing that 



±.J^\AM^)-iA,f2),\dx^^J^ 

= A/ 

\Q\ JQ 



j^J^Ajf^ix) - Ajf2{z)dz 

\7T\LI f'^y^l '^^2-^'^) 



dx 



X [a{x, ^)e'^''i(^-y>^ - a{z, ^)e^^ii^-yy^ d^ dydz 
To estimate this last quantity, we consider two subcases: 



dx. 
(3.2) 
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Subcase 1. 2V > 1. Taking ko such that 1/2 < 2^°r < 1. Then (3.2) is 
dominated by 



1 



^ \Q\ Jq J2''r<\y-xi\<2''+'^r^'^^^^^ ^K" 

fco 2 /■ /■ 

oo Iff 

IQI ■/Q-^2fcr<|2/-a;i|<2'=+ir 



dydx 



dydx 



cj>{2-ii)a{x,i)e^-'^^-yy^di 



dydx 



For /i, by Lemma 3.2 with N = n + l and m = 0, we obtain that 

l<ct[^[ 1/(^)1 u ,1 



n+l 



X 



dydzdx 



< Cr-i2-^M„,,/(i„). 

For /2, by Lemma 3.2 with N = n + nrjao + 1 and m = 0, we have 



\fiy)\ 



2kr<\y-xi\<2>'+'^r \x - y|n+"^«o+l 



\x-y\ 



n+nijao+l 



X 



1 



dydx 



< Cr-'2-m^,J{xo). 
Subcases 2. 2-'r < 1. We write 

-•i da 



\f{y)\dy 



-^0 OXi 



where x(t) = z + t{x — z). 

Using this last expression and the facts: 
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(a) da/dxi is a symbol of order 0; 

(b) ^ia{x,^) is a symbol of order 1; 

(c) \xi — zi\ < r since both x and 2; in Q; and 

(d) if 2^r < \y - xi\ < 2''+V, then 2''"V < \x{t) - y\ < since x{t) e Q, 
we let ko as above, by Lemma 3.2 again, then (3.2) is dominated by 



C 



^i:i.,-.i|kw-.i 



_ n,\n+l/2 



X 



dtdydz 



\f{y)\Y.\^i-zi\ ^ 

/ / / — ^^^^ — / k(i)-yr+5 



dtdydz 



k=l \Qk\ JQk 
00 Q^nk 



<CM^,,/(a;o)rV22^V2^2-'=/2 



k=l 



< CrV22^/2M^,,/(xo). 
Putting the two subcases together, we get that 



j=l \W\ JQ \2jr>l Vr<\ ) 



< CM^,,/(a;o). 
Case 2. When r > 1, write pi '■— r]/5 > rj + 1, we have 

/ 1 r , . c f 1 



< 



1/5 



MY' \\Q\ Jq 

c ( I r \ 

4 



//i + Ih. 
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For III, similar to h, we have 

C 1 
< CM^,,/(i). 

Finally, for II2, adapting the argument of I2 in subcase 1, note that r > 1, we obtain 

iio<cyy f ^ I \x - ^/i"+"'?°o+i 

~ it^jQ \Qk\ J2^r<|j/-xi|<2fc+ir \x - y|'»+'?"o+l I ^1 



3 

X 



dydx 



oo oo 1 /* 

oo 

<C^r-^2-W^,,/(a;o) 
< CM^,J(a;o). 

Since r > 1. 

Finally, we show how to dispense with assumption on the support of a. Sup- 
pose now that the assumption that a{x,^), the symbol of T, has not compact ^- 
support. Let bj{x,^) be a{x,^) multiplied by a smooth cutoff function which is 1 
when 1^1 < 2^ and when |^| > 2^~^^. Let Bj be the pseudo-differential operator 
whose symbol is bj{x,C,). Since bj{x,^) — )■ a{x,^) as j — )■ oo, the dominated conver- 
gence theorem implies that Bjf{x) — )■ Tf{x) for all x. Another application of the 
dominated convergence theorem shows that for each cube Q and < 5 < 1, 

and 



Applying our previous result to the operators Bj, and taking the limit as j ^ oo, 
we see that 
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if \Q\ < 1, and 

if igi >i. 

Thus (3.1) holds. Theorem 1.1 is proved. 

By Proposition 2.3 and (3.1), the weighted weak-type (1,1) estimate for the 
operator T is obtain as follows: 

Theorem 3.1. Let T ^ L\q and u e ^i(<^)- There exists a constant C > 
such that for any A > 0, 

u{{x e : \Tf{x)\ > A}) < ^ / \f{x)\u{x)dii{x). 

Proof of Corollary 1.1. It is easy to sec that u:i{x) = (1 + |a;|)"i if — nao < 
7i < naQ e ^1(95) and (jJ2{x) = \x\°'^ G Ai{ip) for —n < a2 < n{p — 1). Then 
u! — W2wl~'^ e -Apiv) for 1 < p < 00 and < a < 1 by (iii) of Lemma 2.1, by 
Theorem 1.1, we have 

Form this and by the arbitrary of ccq, if uj{x) = (1 + |x|)'''i jxj^'''^ with 71 e M and 
—n < 72 < n(l — 1/p), we then have 

Thus, Corollary 1.1 is proved. 

4. The proof of Theorem 1.2 

In this section, our proof follows from [12] and [9], which is different from Section 3. 

We first recall some basic definitions and facts about Orlicz spaces, referring 
to [10] for a complete account. 

A function B{t) : [0, 00) — )■ [0, 00) is called a Young function if it is continuous, 
convex, increasing and satisfies $(0) = and S— >ooast— >oo. If S is a Young 
function, we define the S- average of a function / over a cube Q by means of the 
following Luxemberg norm: 

The generalized Holder's inequality 

TLj^\fg\dy< \\f\\B,Q\\9\\B,Q 
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holds, where B is the complementary Young function associated to B. And we 
define the corresponding maximal function 

MBf{x) = sup \\f\\B,Q 

Q:x£Q 

and for < ?7 < oo 

Mb,^,J{x) = sup ^{\Q\n\f\\B,Q. 

Q:xeQ 

The example that we are going to use is B{t) — t{l + log'^t) with the maximal 
function denoted by MuogL- The complementary Young function is given by B{t) ~ 
e* with the corresponding maximal function denoted by M^xpL- 

We need the following several key lemmas. 

Lemma 4.1. Let < 77 < oo and M(^^^/2/ be locally integral. Then there 
exists positive constants Ci and C2 independent of f and x such that 

Proof: It suffices to show that for any cube Q 3 x, there is a constant C > such 
that 

<^(|Q|)-''||/||LiogL,Q < C^im-^^'lQl-' I M^,,/,f{y)dy. 

JQ 

That is, 

||/IUiogL,Q < CMr^'lQr' I M^,,/2f(y)dy. (4.1) 
In fact, by homogeneity we can take / with ||/ 1| l log L,g = 1 which imphes 

1< |^/^l/(l/)l(l + log+(|/(l/)|))% 

<T7^ L\f{y)\ -dy 



< ^ / / fXQ{y) dy- 

\Q\ Ji J{x(^Q:\f{y)\>t-i} t 

C f°° f , ^ , , , , (ii 

^T7T\ / \JXQ{y)\dy— 

\Q\J0 J{x€Q:\f{y)\>t} ^ t 

< 1^ \{xeQ: M{fxQ){x) > t}\dt 

c 



MifxQ){x)dx 
— \0\ — j^^,v/2{f){x)dx, 
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since M{fxQ)ix) < Cip{\Q\)^/^M^^r,/2{f){x) for all x e Q. Thus, (4.1) is proved. 
Now let us turn to prove 

M^,r,M^,J{x) < CMLiogL,^,nf{x). (4.2) 

For any fixed x G and any fixed cube Q 3 x, write / = /i + /2, where /i = fxsQ- 
Thus, 

Mir'^lQ]-' f \M^,J{y)\dy<cp{\Q\)-^\Q\'' [ \M^My)\dy 

+cp{\Q\)-^\Q\-' [ \M^,My)\dy 
:= / + //. 

For 7, we know that for all g with supp g C Q (see [9]) 
From this and note that M^^jjf{x) < Mf{x), we get 



I<C^{\Q\r^\?>Q\-^ \Mh{y)\dy 

< c^i\Q\)-m\w,3Q 

< CMLiogL,ip,ri- 

Next let us estimate II. It is easy to see that for all y, z E Q, we have 

M^,j2{y) < CM^J{z). (4.3) 

In fact, for any cube Q' 3 y and Q' {^{^^ \ 3Q) ^ 0, noticing that z E Q C 3Q', we 
have 

< CM^,,f(z). 

Hence, (4.3) holds. 

Using (4.3), we obtain 

II < C^{\Q\)-^\Q\-' [ \M^,My)\dy 

<C\Q\-^ I ini M^J{z)dz 

< CM^Jix) < CMliosL,^,J{x). 

Thus, (4.2) is proved. 
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Lemma 4.2. Let b e BMO and 1 < 77 < oo. Let < 5 < e < 1, then 

Ml^,r,iMf){xo) < C\\b\\BMo{M,,^,r,{Tf){xo) + MLio,L,Uf)M), a.e xo e 

(4.4) 

holds for all f E C^'{R''). 

Proof: Observe that for any constant A 

[b, T]f{x) = {b{x) - X)Tf{x) - T{{b - X)f){x). 

As above we fix a; G M"^ and let a; G Q = Q{xo,r). Decompose / = /i + /2, where 
/i = /xb) where Q — Q{x, 8r). Let A be a constant and Cq a constant to be fixed 
along the proof. 

To prove (4.2), we consider two cases about r. 

Case 1. When r < 1. Since < 5 < 1, we then have 

I \lb,T]m\'-\CQ\'\dyf" 



< I im - >')Tf{v) - m - x)f){v) - cq\' dp] 



1/5 

^)f)iy)-CQ\'dyj 

i/s 

1/5 

1/5 



^1 + 11 + III. 

To deal with 7, we first fix A = &q, the average of 6 on Q. Then for any 1 < q < e/S, 
by the John-Nirenberg inequality of BMO, we obtain that 

<C\\b\\BMoM,,^,^{Tf){xo), 

where l/g' + l/g=l. 

For II, we recall that T is weak type (1, 1). By Kolmogorov's inequality, we 
then have 

//<^l|rAlk.,„<^/.|/fe)|* 
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Finally, to estimate ///, from page 241-250 in [12], we can express T as 

Tf{x)= [ K{x,y)f{y)dy, 

and the kernel K{x, y) satisfies 

\K{x,y)\ < C7v|a;-7/|-"-^ for iV > 0, (4.5) 

and 

\d,K{x,y)\ < C^|x-y|-'^-i-^ for N > 0. (4.6) 

Fixed the value of Cq by taking Cq = {T{(b — bQ)f2))Q, the average of T{{b — bQ)f2) 
on Q. Let bg^, — &Q(a;o,2'=+ir-)- Taking kg such that 1/2 < 2*^°r < 1. Then, 



III <JqJ^ \n{b - bQ)h){y) - {T{{b - bQ)h))Q\ dy 

-\wUq -^"XQ " ' ' ^^^^^ ~ bQ)f{uj)\du;dzdy 



C 

< 



C 

< 



[ j I \K{y,u)-K{z,u)moj)-bQ)f{oj)\dojdzdy 
I ^ , \K{y,uj)-K{z,uj)muj)-bQ)f{uj)\dujdzdy 

C r r ^0 r 



=ko+l "'2'=r<|a:o-(^|<2'=+lr 

x\K(y,u) - K{z,uj)\\{b{uj) -bQ)f{uj)\dijdzdy 

:= nil + iih. 

Taking A?" = in (4.6), we obtain that 

fc=l \^k\ JQk 

ko o—k r „ „ ■ 

<CE^ / \b{u;)-bQ,\f{u;)\du;+\bQ,-bQ\ \\f{u;)\du; 

1 \(Jk\ UQh JQh 



k: 



oo 

k 



<cE2-1|6|| BMoMLlogL,(p,Ti{f){xo) + C\\b\\BMoM^,v{f){^o) ^2 
k=l k=l 

< C\\b\\BMoMLlogL,<p,Mi^o): 
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in last inequality we have used that |6q — < CA;||6||bmo and M^_^(/)(a;) < 
Taking N — nrjao in (4.6), we get that 

k=^+in\Qk\y'\Qk\ JQk 

^ .n(\n n.io I n m-bQjfH\d^ + \bQ,-bQ\ \\f{u)\dw 

k=ko+ivy\^k\) '\^k\ uqi^ 



<C^2-^||6||BMoMiiog^,^,,(/)(x) + C||6||BMoM^,,(/)(x)^A;2-^ 

k=l k=l 
<C\\b\\BMoMLlogL,^M)M. 

Case 2. When r > 1. Since < 5 < e < 1 and rj > 1, let p2 :— r]/6 > rj, we then 
have 



1/5 

1/5 



1/5 

1/5 

1/5 



^1 + 11 + III. 

To deal with /, we first fix A = 6q, the average of 6 on Q. Then for any 1 < q < e/S, 
by the John-Nirenberg inequality of BMO, we then have 

/ 1 , \mr'S) . I . xl/(5<?) 

< C||6||BMoAf^,,(r/)(i„), 

where 1/g' + 1/g = 1. 

For II, since T is weak type (1, 1). By Kolmogorov's inequality, we then have 

C 1 
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Finally, for III we first fix the value of Cq by taking Cq = (T((6 — &q)/2))q, the 
average of T((6 - bQ)f2) on B. Let bg^ = &Q(a;o,2*+ir)- Taking N = nr]ao + 1 in (4.5), 
note that r > 1, we obtain that 

oo oo 

<CY. 2-'=r-i6||BMoMii„gi,^,,(/)(xo) + C\\h\\BMoM^,,{f){x) ^ ^2"^-^ 

k=l fe=l 
<C\\h\\BMoMLlo^L,^M)M- 

Prom these, we get (4.4). Hence the proof is finished. 

Lemma 4.3. Le^ cu G ^1(9?) anc^ i] >2. There exists a positive C such that 
for any function f and A > 

uj{{x e : MLio,L,Uf)i^) > A}) < C / mf{y)\/XMy)dy. (4.5) 

Proof: Let K be any compact subset in {a; e : MLiogL,^p,r]{f){x) > A}). Por any 
X e i^, by a standard covering lemma, it is possible to choose cubes Qi, - • • , Qm 
with pairwise disjoint interiors such that K C U^i ^Qj and with ||/||LiogL,<^,Q3 > A, 
j — 1, • • • ,m. This implies 

Prom this, by (vi) in Lemma 2.1 with p — 1 and E — Q, we obtain that 



uj{3Qj)<Cip{\Qj\)uj{Qj 



uj{Qj) 



v{\Qj\)\Q, 



Thus, (4.5) holds, hence, the proof is complete. 

Using Proposition 2.3 and Lemmas 4.1, 4.2 and 4.3, adapting the same argu- 
ment of [9], we can prove the following result. 
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Lemma 4.4. Let b G BMO,ri > 2 and u G Ai{lp). Then there exists a 
positive constant C such that for any smooth function f with compact support 

< Cm\b\\BMo) sup ^-7^<^{{x G K" : Miiogi,^,^/(x) > 0)- 

t>o ^[i-/t) 

Let us turn to prove the main theorems in this section. 

Proof of Theorem 1.2: By Lemmas 4.1, 4.2 and Theorem 1.1, we have 

< C||r/|U.(^) +C||M^,,/2M^,,/2/|U.H 

< CWfhn.), 

taking rj — 2p'. 

The weighted weak-type (1,1) estimate for the commutator is the following. 

Theorem 4.1. Let b G BMO and u G Ai{(p). There exists a constant 
C > such that for any A > 0, 

uj{{x G : \[T,b]f{x)\ > A}) < C J^^ ||l + log+ uj{x)dx. 

Proof Let = tlog(e + t). By homogeneity, we need only to show that 

a;({xGM'^: |[r, > 1}) < C ( / mf{x)\Mx)dx). 

Indeed, using Lemmas 4.3 and 4.4 and adapting the same argument of [9], we can 
obtain 

uj{{xeR^: |[T,6]/(a;)| >1}) 

<Csup-^M{xeR": \[T,b]f{x)\>t}) 

< Cm\b\\BM0) sup ^:7^UJ{{X G : MLlogL,<p,J{x) > t}) 



<c mf{x)\Mx)dx, 

taking rj >2. 

Thus, the proof of Theorem 4.1 is complete. 

Similar to the proof of Corollary 1.1, we can obtain Corollary 1.2. We omit 
the details here. 
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